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INTEGRABLE HIERARCHIES AND WAKIMOTO MODULES 

BORIS FEIGIN^ AND EDWARD FRENKEL^ 
To our teacher D.B. Fuchs on his sixtieth birthday 



X;^ • 1. Introduction 



In our papers |20, 21| we proposed a new approach to integrable hierarchies of sohton 
^ equations and their quantum deformations. We have appHed this approach to the Toda 

^b;' field theories and the generalized KdV and modified KdV (mKdV) hierarchies. In this 

w^l paper we apply our approach to the Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy [|l| 

,J^ ' and its generalizations. In particular, we show that the free field (Wakimoto) realization 

j^ , of an affine algebra [36, [l^ naturally appears in the context of the generalized AKNS 

hierarchies. This is analogous to the appearance of the free field (quantum Miura) 
realization of a W-algebra in the context of the generalized KdV equations. As an 
application, we give here a new proof of the existence of the Wakimoto realization. 
^ ■ We also conjecture that all integrals of motion of the generalized AKNS equation can 

Cn . be quantized. In the case of 5I2 the corresponding quantum integrals of motion can be 



viewed as integrals of motion of a thermal perturbation of the parafermionic conformal 



o 

^\i ■ field theory |14]. Thus we expect that this deformation, and analogous deformations 

<^ , for arbitrary affine algebras, are integrable, in the sense of Zamolodchikov |37|. 

2^ \ Let us first recall the main steps of our analysis of the Toda field theories from 



j^ i 1.1. Overvie'w of the previous Avork. Let 5 be an affine algebra, twisted or un- 

^ ' twisted, and g be the finite-dimensional simple Lie algebra, whose Dynkin diagram is 

:• . obtained by deleting the 0th node of the Dynkin diagram of g |31|. Let \] be the Cartan 

.^ \ subalgebra of g and f) be the corresponding Heisenberg algebra. For x E [),n E Z, 

^ ' denote x{n) = x (8> t". Then f) has generators hi{n) = ai{n),i = 1, . . . ,i,n & Z (where 

aj's are the simple roots of g), and 1, with the commutation relations 

(1.1) [bi{n),bj{m)]=n{ai,aj)6n-m'i-, [l,6j(n)]=0. 

There is a family of Fock representations tt^, z^ € C, A G f) , of {), which are generated 
by vectors vx, such that 

bi{n)vx = 0,n> 0, bi{0)vx = {X,ai)vx, Ivx = i^vx- 

Introduce a derivation d on tt^, such that [d,bi{n)] = —nbi{n — 1), d ■ vx = A(— 1)wa, 
where A G f) ~ f) , and so A(— 1) G \). 
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2 BORIS FEIGIN AND EDWARD FRENKEL 

The module ttq carries a vertex operator algebra (VOA) structure described in |2C] 
(for the definition of VOA, see ||, |||, or Sect. 4 of ||). 

Consider the space tt\[z, z"^], and extend the action of d to it by the formula 5® 1 + 
l(ddz. Denote by 3^'^ the quotient of vr^ (X) C[2;, z~^] by the image of d (total derivatives) 
and constants, if A = 0. The space S'q is a Lie algebra, the local completion of the 
universal enveloping algebra of f) |18]. Elements of 3"g can be interpreted as Fourier 
components of currents of the VOA ttq [^ • 

For any 7 G i) we can define the bosonic vertex operator 



(1-2) v;{z) = ^v;{ 



r^z^(^'^) 




^ K7,A)-n 



exp 




where 7 G f)* ~ f) and T^ : tt^ ^ '^x+'y ^^ ^^"^^ *^^* ^7 • f^A = f^A+7 and [T^,6j(n)] 
0, n < 0. Thus, V^{n),n £ Z, are well-defined linear operators vr^ — > tt^^ • 
Now introduce operators 

Qr = '^"-a. (1) = / V^^^ {z)dz : vro ^ 7r_„, , i = 1, . . . , £, 



where a,, i = 1, . . . , £, are the simple roots of g. These operators are called the screening 
operators. They commute with the action of d and hence give rise to operators Qi : 

rev rru ,' — 1 P 

Jq ? J —0^-1 t — i, • • • , t. 

The VOA Wj^(g) is defined as a vertex operator subalgebra of vtq : 

i 
W,(0) = f|Ker..Qr- 



In [20 1 we proved that for generic v, ^v^s) is finitely and freely generated in the 
following sense. There exist elements W^ in "W^i^) of degrees dj + l,i = l,...,^, where 
di is the ith exponent of g, such that Wi,(g) has a linear basis of lexicographically 
ordered monomials in the Fourier components W[{ni),l < i < l,ni < —di, of the 

currents Y{WI',z) = Enez ^'"W-^"''""''"^- 

The Lie algebra Ii/{q) of quantum integrals of motion of the Toda theory of g (the 
W-algebra of g) is defined as 

£ 
W,(0) = f|Ker5.Qr- 



We proved in [20| that luid) is isomorphic to the quotient of W^{q)[z, z ] by the 
total derivatives and constants. In other words, it consists of all Fourier components 
of currents defined by the VOA W^^ (g) . The Lie algebra 1^ (g) is called the quantum 
W-algebra associated to g and is denoted by Wjy(g). 

Now let ao = — I/oq Ej=i '^i'^i be the element of i) , corresponding to the affine 



root of g; here ai,i = 1,... ,i, are the labels of the Dynkin diagram of g |31]. We 
can define the screening operators corresponding to the 0th root of the affine algebra 
g, Qq : tTq —f T^-oiQ and Qq • 3"o ^ '■^-ao ^^ the same way as the operators Q^ and 
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Q^, 1 = 1,... ,i, which correspond to the simple roots of g. The space /^(s) of quantum 
integrals of motion of the affine Toda theory associated to q is 



/,(5) = f|Ker5.Qr- 



i=0 



Clearly, Iu{q) is a Lie subalgebra of W^(q). Elements of the space Iu{q) can be viewed 
as integrals of motion of a certain perturbation of the conformal field theory with the 
W,y(g)-symmetry (see [^, 10, 30, |l9|). In |2^ we proved that for generic v this is a 



commutative Lie algebra linearly spanned by elements of degrees equal to the exponents 
of Q modulo the Coxeter number .[| 

In order to prove the above mentioned results we interpreted the spaces Wi,(g) and 
luis) as cohomologies of certain complexes. These complexes were constructed using 
the Bernstein-Gelfand-Gelfand (BGG) resolution of the trivial representation of the 
quantum group Uq{Q) and Uq{g), respectively, where q = ex.p{-Kiu). The construction 
was based on the fact that in a certain sense the operators Q^ satisfy the defining 
relations of the nilpotent subalgebra of a quantum group ~ the g-Serre relations [^. 

We were able to compute the cohomologies of our complexes for generic v by com- 
puting them in the classical limit v ^i- [20|. In this limit, the spaces Iu{q) and Iu(q) 



become the spaces /o(0) and Io{q) of local integrals of motion of the Toda equation 
associated to g and g, respectively. 

In the classical limit z/ ^ 0, the Fock representation can be identified with the 
ring of differential polynomials C[Mj ]i=i^,..^f;„>o, where Ui = 6j(— 1). We have proved 



in [go], 2l|] that the classical limits Q^,i = 0,... ,£, of the screening operators act 
on C[Mj ]j=i^...^f;„>o and generate the pronilpotent subalgebra n+ C g. Moreover, 

C[«j^" ]j=i^,,,^£;„>o — C[A^+/^+], where N^ is the Lie group of n+ and its principal 
abelian subgroup A^. The left infinitesimal action of the Lie algebra n+ on N^/A_^_ 
coincides with the one defined by the operators Qj, z = 0, . . . ,£. 

In particular, the operators Qi,i = 1, . . . ,i, generate the action of the Lie subalgebra 

n+ C n_|_ on C[Mj^"' ]j=i^...^f;„>o, and Wo(g) is the ring of invariants of this action. 
This ring coincides with the ring of n4. -invariants of C[iV_|_/j4_|_], and we have shown 

that it is also a ring of differential polynomials C[v\ ]j=i,.../;n>o- The embedding 

C[fj^"' ] —^ C[ii^" ] is called the generalized Miura transformation. 

The quotient of C[iij ] C[z, z"-^] by the total derivatives and constants is the 
Heisenberg-Poisson algebra denoted by 3"o- The classical W -algebra associated to g, 
-^0(0) = "^0(0) is a Poisson subalgebra of 9"oi which can be identified with the quotient 
of Wo(g)[z, z^^] by the total derivatives and constants. 

Next, the space /o(0) is identified with the Lie algebra cohomology H^{n+,C[ul^ ]). 
Using the fact that C[wf ^] ~ C[N+/A+], one shows that H*{n+,7ro) ~ A*«)) where 
ol is the dual space to the Lie algebra 0+ of A+. This way we we proved that /o(0) — 1+ 



m- 



^The intersection of kernels of the operators Q^, i = 0, ...,£, is one-dimensional and therefore not 
interesting 
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Each element of /o(0) gives rise to a hamiltonian vector field on Nj^/Aj^ and these 
vector fields the Q-mKdV hierarchy (on the set of functions Ui{t),i = !,...£). On the 
other hand, the abelian Lie algebra a_, which is the opposite of the Lie algebra o+, 
also acts on this homogeneous space from the right by vector fields. In [^] we proved 
that these two actions coincide. 

Finally, these derivations preserve the differential subring C[vl^ ] = Wo(0). The 
corresponding equations on the set of functions Vi{t),i = !,...£, form the Q-KdV 
hierarchy. 

1.2. The present ■work. In this paper we apply the same approach when the principal 
abelian subgroup 74+ of A^_|_ is replaced by the homogeneous abelian subgroup //+. In 
this case we have a structure, which is very similar to what we have in the principal 
case. This is illustrated by the following table. 





Principal Case 


Homogeneous Case 


Differential polynomials 


C[ut^^] 


C[p^^\q^^\uf^] 


Homogeneous space 


N+/A+ 


N+/H+ 


Screening operators 


je-f^dz 


IEpeA^P^.A9)P(^^"''dz 


Non-local equations 


(affine) Toda equation 


equations (^.5|), (^.3|) 


^o(0) 


classical W-algebra Wo(g) 


C[0i]loc 


Us) 


W-algebra W^(0) 


Uk{Q)ioc,k = -h''+,^-' 


Embedding ^(g) C 3'^ 


Miura transformation 


Wakimoto realization 


Uq) 


mKdV hamiltonians 


mAKNS hamiltonians 


Symmetries of the 
non-local equation 


mKdV hierarchy 


mAKNS hierarchy 


Local equations in Io{q) 


KdV hierarchy 


AKNS hierarchy 



Thus, the starting point of our approach is always a Heisenberg-Poisson algebra and 
a pair of non-local equations, which possess local integrals of motion (or symmetries) 
in this Heisenberg-Poisson algebra. Both equations are generated by the screening 
operators corresponding to the simple roots of g or q. The action of the Poisson 
bracket with each of these terms on the ring of differential polynomials coincides with 
the action of the corresponding generator of the pronilpotent Lie algebra n on the 
homogeneous space of A^+. This fact allows us to interpret the local integrals of motion 
as cohomologies of this Lie algebra. 

In the principal case, the Poisson algebra of local integrals of motion of the non-local 
equation associated to g (the g-Toda equation) is the classical W-algebra Wq (g) , and 
the local integrals of motion of the non-local equation corresponding to g (affine Toda 
equation) are the hamiltonians of the g- mKdV hierarchy. The embedding of 'Wo(g) 
into the Heisenberg-Poisson algebra is the generalized Miura transformation. The 
equations of the mKdV hierarchy, written in terms of "Wo(g), become the equations of 
the g-KdV hierarchy. 

In the homogeneous case, the role of 'Wo(g) is played by the classical affine algebra, 
i.e., the Poisson algebra C[gJ]ioc of local functionals on a hyperplane in g*. The role 
of the g-mKdV hierarchy is played by a modified AKNS hierarchy for Q = 5I2 and its 
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generalization for other g, which we call the Q-mAKNS hierarchy. The embedding of 
C[g^]ioc into the Heisenberg-Poisson algebra is the Poisson analogue of the Wakimoto 
realization. Written in terms of C[gJ]ioc, the g-mAKNS hierarchy becomes what we 
call the g-AKNS hierarchy. 

The next step is to quantize the classical integrals of motion. In the principal case, 
this was done in [ 20 1 . Here we prove the existence of the quantum integrals of motion 



of the non-local equation corresponding to g in the homogeneous case. This gives us 
an embedding of q into a Heisenberg algebra, analogous of the embedding of the W- 
algebra Wjy(g) into 9"q. This free field realization of g is nothing but the Wakimoto 
realization, which has been previously defined in p^] for g = 5(2 and in ^& for general 
g. Thus we obtain a new proof of the Wakimoto realization of affine algebras. The 
original construction of the Wakimoto realization has been geometric in nature, see 



1 16]. In this paper we give another perspective on the Wakimoto realization, which 



comes from the theory of integrable hierarchies of soliton equations. This confirms to 



the general philosophy of "free field realization" outlined in [24|. 

Finally, we conjecture that all classical integrals of motion of the non-local equation 
corresponding to g can be quantized. 

The main results of this paper have been obtained during our visit to Kyoto Univer- 
sity in the Summer of 1993, and the present paper is an expanded version of a draft 
written in the Fall of 1994. In the mean time, some aspects of the 5^2 case of our pro- 



gram have been considered in [g]. We also became aware of the interesting papers |32], 
in which integrable hierarchies similar to ours have been considered, from a different 
point of view. 

The program outlined above has been further developed in [11, 12, |2^. In Q the 
results of [21| have been interpreted geometrically in terms of moduli spaces of bundles. 



thus allowing a uniform treatment of the integrable hierarchies associated to arbitrary 
maximal abelian (or Heisenberg) subalgebras of g. 

2. Wakimoto realization 

Let g be a simple Lie algebra with the Cartan decomposition g = n+ © f) ©n_, where 
n+ and n_ are the upper and lower nilpotent subalgebras, respectively, and i} is its 
Cartan subalgebra. 

Let g be the affine algebra, corresponding to g: the universal central extension of the 
loop algebra g[t,t~^]. 

Introduce the Heisenberg algebra 3i(g), which has generators aa{n) , al^{n) , a € 
A_|_,n G Z, where A_|_ is the set of positive roots of g, and 1. The commutation 
relations read: 

[aa{n),a*p{m)] = 5a,/36n-m'i-, [aa{n),a/3{m)] = 0, [a*^{n) , ap{m)] = 0, 

and 1 commutes with everything. 

For u ^ 0, denote by M the Fock representation of 3i(g), which is generated from 
the vacuum vector v satisfying 

aa{n)v = 0, n > 0; a*^{n)v = 0, n > 0, 

and on which the central element 1 acts as the identity. 
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The space M is a vertex operator algebra (VOA) ||5|, ^. We will give an explicit 
formula for the currents Y{-,z) defined by this VOA. 

Monomials aQj(mi) . . . aQ,j.(mfc)a^ {ni) . . . a*^ {ni)v,mp < 0, n^ < 0, form a linear 
basis in M. The series Y{-, z) associated to this monomial is given by 

where C = [{—mi — 1)! . . . {—mi — 1)!(— ni)! . . . (— n^)!]"^, columns stand for normal 
ordering, and 

(2.1) aa{z) = Y,aa{n)z-^-\ a%z) = Y,al{n)z-^. 

nGZ nGZ 

The Fourier coefficients of currents of this VOA form a Lie algebra, which lies in a 
certain completion of the universal enveloping algebra C/(3i(g)) factored by the ideal 
generated by (1 — 1), respectively. Following [^, we call this Lie algebra the local 
com,pletion of the universal enveloping algebra and denote it by U {'K{^))\oc- 

Denote by Ln+ the Lie subalgebra n-|-[t, t^^] of g. Consider the Lie group LN^^ of 
Lri-i-. It consists of polynomial maps from the circle to the nilpotent subgroup A^+ of 
G. _ 

The Lie group A^4. is isomorphic to its Lie algebra n+ via the exponential map. This 
allows us to introduce coordinates Xq,, a G A_|_, on A^_|_, such that Xa has weight a with 
respect to the natural action of the Cartan subgroup H C G, which is the Lie group 
of f). Denote the vector field corresponding to the left (respectively, right) action of a 
generator e^ of n+ on A^_|_ by e„ (respectively, e^). In coordinates xp they are given 
by: 

(2-2) '"^ ? ^"^^9^' '"^ ? ^"^^5^' 

/3eA+ i^ /3eA+ '^ 

where P^^ and P^^ are certain polynomials in x^, 7 G A_(_ of degree f3 — a. 

Coordinates Xq,, a G A_|_, on the group A^_|_ give us coordinates Xa{n), a G A+, n G Z, 
on the group LN^. Denote a'^{n) = Xa{—n),aa{n) = d/dxa{n). These operators 
generate the Heisenberg algebra !K(g). We have two commuting infinitesimal actions 
of Ln+ on LN^ by vector fields: left and right. 

Explicitly, we have 

(2.3) e^(z) = ^ e^(n)z-"-i = ^ P^,p{z)ap{z), 

neZ /3gA+ 

(2.4) e^{z) = 5; ef (n)z-"-i = J^ P^Az)ap{z), 

nez /3eA+ 

where P^a{z) and P^'n{z) are obtained from the polynomials P^ ^ and P^n, respec- 
tively, by replacing x^,7 G A+, by a*(2;), and we use the notation ea{n) = Cq, (8" t". 

These formulas define two embeddings -Ln+ -^ U{'K{^))\oc and hence two commuting 
actions of the Lie algebra Ln+ on the space M. 
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Remark 2.1. We can define these actions in a coordinate independent way. 

Introduce the Lie algebra D{n-^-). It has generators y {n),y G n+,n G Z, and 
P{n), P G C[A^_|_], n G Z, where C[A''_|_] stands for the ring of regular functions on A^_|_. 
If we choose coordinates Xa on Nj^, then C[A^+] ~ 'C-\xa]a&A+- There are the following 
relations: 

[yf(ni),y^(n2)] = [yi,y2]'^(ni+n2), [y^(n),P(m)] = [y • P](n + m), 

where y ■ P denotes the action of y G n+ on P G C[A^+] by vector field from the right, 
and 

[P(n),Q(m)]=0, P{n)= ^ ^1(^)^2(^2), 

ni+n2=n 

if P = P1P2 in C[A^-(-]. If we choose coordinates on Nj^, the Lie algebra D(n^) becomes 
isomorphic to the Heisenberg algebra 'K{q). 

The linear span of y^{n),y G n+,n > 0, and P{n),P G C[N^],n > 0, is a Lie 
subalgebra Z)+(n+) of L>(rr+). The module M over D(n+) can be defined as the module 
induced from the trivial one-dimensional representation Cv of D^ (n+ ) . 

The correlation functions, i.e. matrix elements of the currents 

nez neZ 

can also be expressed in terms of action of n+ on C[A^+] in a coordinate independent 
way. These correlation functions uniquely determine vertex algebra structure on M. 
One obtains, e.g., the following formula (compare with ||3^, ^): 

E n — ^^^ 




^-^ ^^ (w.j — W.j) . . . (w.j — Zj)' 



where the summation is taken over all ordered partitions /^ U /^ U . . . U I^ of the set 
{zi,... ,im,}) where P = {i\,i2,... ,iaj}, and j is the augmentation homomorphism 
C[N+] -^ C. 

We note that the construction described above assigns a vertex algebra to an arbi- 
trary affine algebraic group in place of N^. D 

Now put W^ = M ®tt'^, where vr^ was defined in the Introduction. The space Wq is 
a VOA, the tensor product of the VOAs M and ttq . We can extend the action of d to 
W^[z, z-^] by the formula 9 (g) 1 + 1 (g) S^. Denote by TF^ the quotient of W^ ® C[z, z~^] 
by the total derivatives and constants, if A = 0. The space W )^ is a Lie algebra, which is 
isomorphic to Uu{'K(^) © f))ioc- Introduce operators D^{n) : W^ -^ W^_^., i = 1, . . . ,i, 
by the formula 

(2.5) D'^iz) = Y^ D\{n)z-^-^'^-^) = ef (z)y^„^(z), 

raeZ 



where V"^.{z) is given by formula ( |1.2| ). 
Put 

Cr = D\{1) = E ef (n)y!'„^(-n), G^ : W^^ - W^_^^ 
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This operator is called the ith screening operator. It commutes with the action of d. 
We denote by G^ the induced operator Wq — > W_f^-,i = 1, . . . ,i. 
Denote 

e e 

K,m = fl Kerp^. C^, J,(g) = f| Ker^. G- 



i=l i=l 



According to Lemma 4.2.8 from [20|, Ky{^) is a vertex algebra, and Ju{^) is a Lie 
algebra. 

Let Vfc, fc E C, be the VOA of the affine algebra g. Recall that as a vector space 

Vk = U{q) ®u{Q[t]®^K) Cfc, 

where C^ stands for the trivial one-dimensional representation of the Lie subalgebra 
g[t] of 0, on which K acts by multiplication by k. Its Z-grading is inherited from the 



standard Z~grading on g, such that deg A{n) = — n, degiC = 0, cf. [Q |2^ . 

The Fourier coefficients of currents of the VOA Vk form a Lie algebra Uk{Q)\oc-, the 
local completion of the universal enveloping algebra at level /c, Ukio) = U{q)/{K — 

k)UiQ). 

Theorem 1. For generic v, the vertex algebra Ku{q) is isomorphic to the VOA Vk of 
the affine algebra q, and J,^(q) ^ Uk{9)ioc, where k = —h^ + z/~^, h^ being the dual 
Coxeter number ofg. 



The proof of this theorem is analogous to the proof of Theorem 4.5.9 from |2C]. 
We construct a family of complexes C*{q) depending on the parameter v, whose 0th 
cohomology is K,^{q) and which has a well-defined classical limit, when i/ — > 0. We 
then show that in this limit all higher cohomologies of the complex vanish and the 0th 
cohomology can be identified with the limit of the VOA Vk when k — > oo. This will 
allow us to compute the cohomology of the complex Gu{g) for generic u and identify 
K^{g) with the VOA Ffc. 

Example. We give here an explicit realization of the kernel of the screening operator 
Gi in the case when g = 5(2 (for generic u). In the following formulas we suppress the 
index 1. Let {e, h, /} be the standard basis of sb- Set 

e{z) = a{z), h{z) = —2 : a{z)a*[z) : -\ — b{z), 

(2.6) f{z) = - : a{z)a*{z)a*{z) : +(-2 + u-^)d,a*{z) + -b{z)a*{z). 

V 

These formulas first appeared in [^] . The Fourier coefficients of the above series sat- 
isfy the relations in 3(2 with k = —2 -|- v~^ . Moreover, the generating vector of W^ is 
annihilated by all non- negative Fourier coefficients. Therefore we obtain a homomor- 
phism Vk — > V/q. It is known that Vk is irreducible for generic k. Hence for generic v 
the above homomorphism is injective. On the other hand, it is shown in [^] that the 
generating series above commute with the screening operator 



G\ = -Y, a{nW_^^ i-n) : W^ - T^^2 
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Therefore the image of V^ in Wq hes in the kernel of Gi. The calculation of the 
characters given below proves that V^ is equal to the kernel of Gi. 



In |16, 17| we generalized the above construction to the case of an arbitrary simple 
Lie algebra g. The commutativity with the screening operators was proved in p3| , [2^ . 
This gives us a proof of Theorem |^. In what follows, we will give an alternative proof 
of this theorem. 

3. The complex 
The jth group Ci (g) of our complex is 

where s belongs to the Weyl group, l{s) is its length, and p £ i) is the half-sum of 
positive roots of q. 

The construction of the differentials of the complex C*{q) follows closely the con- 
struction of the differentials of the complex F*(q) from [20|, Sect. 4.5 (where /3^ played 



the role of v). 

Let p = (pi, . . . ,Pm) be a permutation of the set (1,2,... , m). We define a contour of 
integration Cp in the space (C^ )™' with the coordinates zi, . . . , z^ as the product of one- 
dimensional contours along each of the coordinates, going counterclockwise around the 
origin starting and ending at the point Zi = 1, and such that |zpj > {zp^l > ... > \zp^\ 
whenever Zi ^ 1. 

Denote by i = (ii, . . . ,im) a sequence of numbers from 1 to /, such that h < 12 < 
... < im- We can apply a permutation p to this sequence to obtain another sequence 
p{i) = (ip(i), . . . ,ip[m.))- Put 7 = X]"Li Oiij- Let us define an operator D'^,^^ from Wl;^ 
to W^ as the integral 



dzi... dZm Di^^^^ (Zi) . . . Ap(„) {Zm) = 

f dz,...dzm n i^k-ziY'^-^^'^n) H zf'""'^:V^^^^{z,)...V^^^Jzm):- 



'^v l<k<l<m l<k<m 

■til,... ,im l^li • • • ) ^m) 



where 



and 



^-%(-) = E^-. 



n)z 



C-ii,... ,im(2;i, . . . , Zra) = e^^\Z\) . . . e^^yzm)- 

The latter can be rewritten using Wick's formula as a linear combination of normally 
ordered products of currents aa{z) and a*o,{z)^ a G A+, multiplied by rational functions 
in zi, . . . , Zm, which have poles only on the diagonals Zj = Zj. 

Dp.jN is a linear operator from W^ to the completion Wi^^ of W^^ . Note that this 
operator is uniquely defined by the sequence j = p(i), and so we can denote it by D^ . 

We choose the branch of a power function appearing in the integral, which takes 
real values for real Zj's ordered so that Zj-^ > Zj^ > . . . > Zj^. Thus, Cp should be 
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viewed as an element of the group of relative m-chains in (C^)™ modulo the diagonals, 
with values in the one-dimensional local system ^j , which is defined by the multi- valued 
function 

l<.k<l<m l<k<m 

Our integral is well-defined for generic values of i' over any such relative chain. 
Indeed, the integral 



f dz,...dzm n i^k-zir^' n 

'''^ l<k<l<m l<k<m 



^k 



over such a chain C converges in the region Re/Xfc/ > 0, and can be analytically continued 
to other values of fiki , which do not lie on hyperplanes 

(3.1) Yl ^'kl = -s, s€Z,s>i#S)-l, 

k,£eS,k<l 

where 5 is a subset of the set {1,2,... , m}, cf. [^], Theorem (10.7.7), for details. 

For generic u the exponents in our integral do not lie on those hyperplanes. Indeed, 
an expression of the form 

Y. ^Kfc'^ii) 

l<k<l<r 

can take integral value for generic i', if and only if 

(3.2) Y ("A..«iJ = 0- 

l<fc<Z<r 

If this is the case, for our integral to converge, the rational functions appearing in 
^ji,...,jrizi, ■ ■ ■ , Zr) should not have poles on the diagonals of combined order r — 1 or 
more. 

In the case when aj^ = Uj^ = . . . = OjV-i ~ '^i^ ^^^ ^jr — ^j^ ^^i^ ^^^t follows from 
the Serre relations: 

(adef)-°^^+^-ej(m) = 0, 

which the operators ef satisfy. Indeed, in order to satisfy ( p. 21 ), we should put r = 
— 2(Q;i, aj)/{ai, ai)+2. But the Serre relations imply that the coefficients of £i^,,,^ij(zi, . . . 
Zr) are rational functions in 2:1, . . . , z^, whose combined poles have combined order less 
than or equal to — a^ = — 2(qj, aj)/(aj,ai) < r — 1. Therefore, the equation (|3.l|) can 
not hold in this case. 

In general we have to show that if ( |3.2D holds then any commutator of the form 
[emiJemz, [•••,em^] ■■■]], where (mi,... ,mr) is a permutation of the set (ji,... ,jr), 
vanishes. This is indeed the case, since 7 = X]fc=i ^ir->^ > 1' can not be a root of g, if 
(U) holds. 

The proof, which works for an arbitrary Kac-Moody algebra with a symmetrizable 



Cartan matrix, was communicated to us by V. Kac (cf. |31]): the equation (|3.2| ) can be 
rewritten as 2(/9, 7) = (7,7). This equation can not hold for imaginary roots, because 
then (7, 7) < and (/), 7) > 0. If 7 is real, i.e. ^ = w ■ ai for a simple root Ui and 
an element w of the Weyl group of g, then we obtain 2{p,w ■ a^) = {ai,ai). This is 
true for w = 1, but each reflection from the Weyl group increases the left hand side 
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because w ■ ai > hy assumption while the right hand side remains the same. Hence 
this equahty can not hold for w ^ 1. 

This shows that our integrals are well-defined. 

We can interpret the operator D'^ as a composition operator G^^ . . . G^^, cf. pO|] , 
Sect. 4.5.3. The operators G^ satisfy the q'-Serre relations, where q = exp^Triv), in the 
following sense Q (see also [7|, pO|]). 

Consider a free algebra A with generators gi,i = 1, . . . ,i. We can assign to each 
monomial Qj^ . . . gj^ the contour Cj, where j = (ji, . . . ,jm), and hence the operator D^. 
This gives us a map A from A to the space of linear combinations of such contours. 
Given such a linear combination C, we define V^ as the linear combination of the 
corresponding operators V^^ . 

Consider the two-sided ideal Sq in A, which is generated by the q'-Serre relations 
(ad^j)^'*'^ ■ gj,i^ j, where q = exp(7rii/). 

Lemma 1. If C belongs to A{Sq), then D^ = 0. 

The proof is given in [^ (note however that in that paper the question of convergence 
of integrals was not addressed) . It is based on rewriting the integrals over the contours 
Cj as integrals over other contours, where all variables are on the unit circle with some 
ordering of their arguments. 

Lemma |l| means that the operators G\ "satisfy" the q'-Serre relations of g. Thus, we 
obtain a well-defined map, which assigns to each element P of the algebra Uqijij^) ~ 
A/ Sq the operator Z)p. 



Lemma 2. Let P E Uq{n-) he such that P ■ 1\ is a singular vector of weight A + 7 
in the Vernia module M^ of highest weight A over Uq(Q). Then the operator Dp is a 
homogeneous linear operator W^ -^ W^, , which commutes with the action of d. 



The proof is given in |2^, Sect. 4.5.6. 

We are ready now to define the differentials 6i : Ci (g) — > Cl (g) of the quantum 
complex C*(g). Recall that for any pair s, s' of elements of the Weyl group of g there 

l( )- of weight s'{p) — p in the Verma module M^, ._ , 



exists a singular vector P5 • v'^/ -,_ of weight s'{p) — p in the Verma module M'^ 



cf. 0, Sect. 4.4.5. We put: 

(3.3) 6i= Yl ^-'.--^P",,' 

l(s)=j,l{s')=j+l,s^s' 

where q = ex.p{7riu), and Eg'^s = il are signs chosen in a special way. By Lemma |2|, the 
differentials 6l are well-defined homogeneous linear operators. From the nilpotency of 



the differential of the quantum BGG resolution, cf. [20|, Sect. 4.4.6, and Lemma y we 
derive that these differentials are nilpotent: 6i 6i = 0. 

Thus, we have constructed a family of complexes C*(q). We have: G^(g) = Wq, G^(g) 
®i=iW!^^^, and 5^ : C°(g) -^ CKq) is given by the sum of the operators G^ : Wq -^ 
W^^.. Therefore the 0th cohomology of the complex G*(g) is nothing but the VOA 

Kuii)- 
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Since the differentials of the complex C*(g) commute with the action of 9, we can 
form the double complex 

The 0th cohomology of the total complex C*(g) of this double complex is the space 

JM- 

In order to compute the cohomologies of the complexes C*(g) and ^^^(g), we will 
study their classical limit z^ — > 0. 

Remark 3.1. Let g be an arbitrary symmetrizable Kac- Moody algebra, and ai, . . . ,ai 
be the set of simple roots of g. Consider a set of homogeneous linear operators Xi{n),i = 
1, . . . ,£;n G Z, acting on a Z-graded linear space M, so that degXj(n) = —n. Define 
the series Xi{z)V^^_{z),i = 1, ...,£, of linear operators acting from M ® ■K'i to M (g) 
T^'^-oii- We can define integrals of products of these operators in the same way as above. 
Our proof of convergence above applies in the general case as well, and it shows that 
these integrals converge and Lemma ffl holds, if and only if Xj(n)'s satisfy the Serre 
relations of g: 

[Xi{ni),[Xi{n2):...,[Xi{n^a,,+i),Xj{m)]..]] = 0, ni,m £ Z. 

In other words, the operators J Xi{z)V^^.{z)dz "satisfy" the g-Serre relations, if and 
only if the operators Xi{n) satisfy the Serre relations. D 

4. Classical limit 
Introduce new operators a'^{n) = uaa{n). We have the commutation relations 

[a^(n),a^(m)] = vda^pdn-m 

for the operators a'^{n) and a*{m) acting on M. 

Consider a linear basis in M, which consists of monomials in a'^{n), a G A+, n < 0, 
and a*^{n)^a G A+,n < 0, applied to the vacuum vector v. As a basis in tt^ we 
take monomials in bi{n),i = 1, . . . ,£, n < 0, applied to the vacuum vector vx. Tensor 
products of elements of these bases form a basis in W^. Using these bases, we can 
identify the spaces W^ with different values of z^, so we can omit the superscript z^ and 
write Wx- The linear operators defined above for different z^ should be considered as 
operators explicitly depending on the parameter v, acting spaces Wx, which do not 
depend on u. 

We can also identify the spaces Wx with different u and write Wx- However the Lie 
algebra structure on Wo will be z/-dependent. 

Consider the operator C^ : Wq — > W-ai- It can be expanded in powers of v: C^ = 
G^ + i'{. . .). We will call G^ the classical screening operators. We can consider G? as 
an operator Wx — > Wx-ai for any A. 

(0). 



Put Gi = Ta,G^ : Wo ^ Wq, where Tq : W-a. -^ Wq was defined after formula 



Lemma 3. The operators Gi generate an action of the nilpotent subalgebra n+ of q on 
Wo. 
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The Lemma follows from Lemma |l] in the limit g ^ 1. A different proof will be given 
below. 



In the same way as in [20| we can show that Dpq = Ps'^s{G) + z^(...), where 

Ps',s € U{n-) is the expression for the singular vector at g = 1, and Pg^siG) is the 
operator VFg(p)_p — > Wgt(^p-^_p obtained by inserting G^ instead of the Cj in Pgt^s for all 

Thus, we have a well-defined limit of the complex C*(g) as i^ — > 0. As a linear space 
it does not depend on u: Cq{q) = ©z(s)=jVK,(p)_p, and the differential is the i/ — > limit 
of the differential (|3l^) : 

l{s)=j,l{s')=j+l,s^s' 



In the same way as in |2C] we obtain the following result. 



Proposition 1. The cohomology of the complex Cq{q) is isomorphic to the cohom,ology 
o/n+ with coefficients in Wq, H*{n-^.,Wo). 

The action of n+ on Wq has geometric origin. The space Wq can be considered as the 
algebra of regular functions on an infinite-dimensional linear space 11 with coordinates 
a'An),a £ A+,n < 0, a*(n),a € A_|_,n < 0, and bi{n),i = 1, . . . ,i,n < 0. The Lie 
algebra n4. acts on this space by vector fields. This is the infinitesimal action of n+, 
corresponding to an action of the Lie group A^+ on U. We will see later that this action 
of A^-|_ is free. Therefore the n+ -module Wq is co-free, i.e. dual to a free module. 

Hence W(n+,Wo) = 0,i 7^ 0, and H°{n+,Wo) is the algebra C[U]^+ of iV+ -invariant 
functions on U. The latter is a polynomial algebra of infinitely many variables. 

We can find the degrees of the generators of the algebra C['U]^+ by computing its 
character, which coincides with the Euler character of the complex C^(q). We obtain: 

00 

(4.1) chc['u]^+ = n(i - «")"' n (1 " 9""°)"^- 

n=l oeA 

This gives us the following result. 

Theorem 2. The 0th cohomology Kq{q) of the complex Cq{q) is isomorphic to a graded 
polynomial algebra of infinitely many variables, whose character is given by formula 
(|4.1|). All higher cohomologies of the complex Cg(0) vanish. 

The 0th cohomology Jo{q) of the complex Cq{q) is isomorphic to the quotient of 
KQ{Q)[t,t~^] by the subspace of total derivatives and constants. All higher cohomologies 
of the complex Cq{q) vanish. 

Corollary 1. For generic v all higher cohomologies of the complex C^i^) vanish, and 



the character of the 0th cohomology Ky{^) is given by formula (4.1). 

The 0th cohomology Jij(q) of the complex Cq{q) is isomorphic to the quotient of 
K^(q)[z, z^^] by the subspace of total derivatives and constants. All higher cohomologies 
of the complex C*(q) vanish. 
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In the next section we will identify the 0th cohomology of the complex Cq (g) with 
the classical limit of the VOA I4 of g. This will complete the proof of Theorem ||. 

Remark 4.1. Theorem |2| can be proved in a simpler way by considering a different 
classical limit of the differentials of the complex. Namely, we can take the linear basis 
in W^, which consists of monomials in Oa(n),a*(n), and 6'(n) = v~2h{n). Then in 
the limit i/ — > the vertex operator V^{z) — > Id, and so G^ -^ e^(O). Therefore 
the cohomology of the complex C*(0) in this limit become /7*(n-(-,7ro), where now n+ 
acts on ttq via the operators e^(0),a G A+. This action is co-free by definition of the 
operators e„ . Hence we obtain Theorem g. 

This proof is simpler than the proof given above, but is not clear how to identify Vt 
with the 0th cohomology of C*(0) for 1/ 7^ 0. For that it is more convenient to use the 
other classical limit introduced above. D 

5. Hamiltonian structure 

Consider the loop spaces Lxij^ = n+[t, t^^] and L\) = f) (g)C[t, t""*^]. We have the inner 
product (•, •) on the direct sum Ln+©(Ln+)*, induced by the pairing Ln_|_ x (Ln+)* — > C, 
and the inner product on Lf), which are the restrictions of the invariant inner product 
on g[t,t-i]: 

{u{t),v{t))= fiu{t),dvit)), 



where (•, •) is the invariant inner product on g normalized so that the square of the 
maximal root equals 2. 

Denote hy pa, a G A+ coordinates on n+, hy qa, a G A+, the dual coordinates on n^, 
and hy Ui,i = 1, .. . , £, be coordinates on Li). Let Wq be the space of local functionals 
on Ln+ © (Ln-(-)* © Li). It consists of functionals of the form 

where P is a polynomial in {pa{t),qait),Ui{t)) € Ln+ © (Ln+)* © Li) and their deriva- 
tives, and t. We use notation /("^(t) = d^f{t). 

Local functionals can be considered as infinite sums of monomials in the Fourier 
coefficients Pa{n) = j Pa{t)t^dt,qa{n) = J qa{t)t^~^dt,Ui{n) = J Ui{t)t^dt of the poly- 
nomials Pa{t),qa{t), and Ui{t), cf. [Q, Sect. 2.1. 

Put 

Wo = C[p(r),gi"),uf )]„eA+,^=i,... An>o. 
We identify it with Wq defined in the previous section by identifying 

(5.1) pi") ~ nK(-n - 1), gi") ~ n!a;(-n), nf^ ~ n!6i(-n - 1). 

The operator d acts on Wq as a derivation. There is a map Wq (8) C[t, t^^] -^ W, which 
sends P 1^ f^ £ Wo[t,t~^] to the corresponding local functional, which we denote for 
simplicity by / Pt^ . 

Using this map we can show that the space of local functionals Wq is isomorphic to 
the quotient of Wq by the subspace of total derivatives and constants, cf. pO] . Thus, 
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we can identify the space of local functionals with Wq, defined in the previous section, 
as a linear space. 

There is a Lie bracket on T^o- It coincides with the well-known Poisson structure, 
ct. ra, 0: 






where d/Sf denotes variational derivative with respect to /. 

This Lie bracket is uniquely defined by the Poisson brackets between Fourier com- 
ponents oi pa{t) , qa{t) , and Ui{t) are those given by the formulas: 



(5.2) 



{Pa{n),qa{m)} = 6^,(^6^,- 



{ui{n),Uj{m)} = n{ai,aj)6n,- 



These formulas show that the Lie algebra structure on Wq for generic z^ is a quantum 
deformation of the Poisson Lie algebra structure on W defined above: for any elements 
A,B £ Wq, the commutator is given by [A, B] = v{A, B} + v'^{. . .). 

Now we will give a hamiltonian interpretation of the classical limits of the operators 

Introduce formally variables (/>j,i = 1, . . . ,£, such that d4>i = Ui, and hence de^^ = 
me'^^ m. For any A = ELi^i«i> Put Wx = Wq® e\ where A = Y!i^^\i4>i. We 
identify it with W\ defined in the previous section by identifying v\ with e . 

We have an action of d on W\. We denote by W\ the quotient of WA[t,t~^] by the 
subspace of total derivatives. This space can be interpreted as the space of functionals of 
the form J P{p^a\t),qt\t),uf'\t);t)e^'-^'>dt. We wih use simpler notation J Pe^,P G 
Wx for such a functional. 

For any f P £ Wq, f Qe^ € W\ define their bracket 



{/''./ Qf'-) 






5P_ 



5P SQ 

Spa 5qa 






XiQe^ 
SP 6Q 






+ 



This bracket is uniquely defined by formulas ( |5.2| ) and 

(5.3) { / u,r, j eh^} = (A, ai) j eV+™. 

The map {•, •} : Wq x W -ai — > W -ai satisfies the Jacobi identity for any J Pi, J P2 € 
Wq, f Qe^ € Wx [20 1 . Hence it defines on Wx a structure of module over the Lie algebra 

Wq. 

For P G Wq denote by (,{P) an operator on Wx given by 



(5.4) 






■? Ao,, Z-^ \ A7,, 



n=l 



SuiJ 5^(") 



+ 
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d 



aeA+ 71=1 



^PaJ dq, 



Jn) 



agA+ n=l 



d 



End Wo is the classical limit of 



Clearly, [i{P),d\ = for any P. The map ^ : Wq 
the map P ^ J Y{P^ z)dz for generic z/, cf. j21[ |. 

The map ^ : Wq -^ Wq can be presented in the form ^'od, where ^' is a homomorphism 
0/ Im 9 — s- Vect from the quotient of the space of one- forms J7 by the action of d to the 
space of 3-invariant vector field on Spec VFq- The map ^' is a quasi- Poisson structure 
on Spec Wo in the sense of Gelfand-Dickey-Dorfman ||2^, ^ (cf. also [pi|] ). 

We can also define for any Pe € W\ a map ^{Pe 
where the first term should be replaced by 



Wo -^ W\ by formula (|5^ , 



E( 



.A,F.^ + 5: a"«^ 



n=l 



6P 



d 



(n) 



We have: 



{ P, Qe^} 



aP) ■ Qe' 



du 



aQe^) ■ Q 



cf. llg, |i|. 

Now consider the following element of W-cn '■ 

/3eA+ 



where P^, g{q) is a polynomial in q^yj'y G A-(_, obtained from P^ g in formula (2.2) by 
replacing x^ by q^. In the same way as in |2^, 21| we obtain the following result. 

Lemma 4. G^ = C{G,) and G- = {•, / GJ. 

Thus, the space Jo(0) can be considered as the space of local functionals in pa{t), qa{t), 
and Ui{t), which commute with J Gi,i = 1, . . . ,i, with respect to the Poisson bracket 
{•, •}. In other words, Jo{q) is the space of local integrals of motion of the system of 
hamiltonian equations, defined by the hamiltonian 



^ r ^ 



i=l 

This system reads: 

drPa{z,T) = {pa,H}, drqa{z,T) = {qa{z,T),H}, drUi{z,T) = {Ui,H}. 

Here pa{z,T),qa{z,T), and Ui{z,T) are considered as delta-like functionals, which are 
equal to the value of the corresponding function at the point t, depending on the time 
r. 

Using formulas ( ^.2| ) and ( ^.31) , we obtain the following equations: 



e apR 

drPa = Y.i: -^PP^-'' 



i=i /3eA+ 



dqa 



a € Aj 
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(5.5) a^g^ = _^P^^^^e-0., «eAH 



i=i 



drdAi = - E(«i' «j) Y. Pa,,pPpe-'^' , i = 1, . . . , 1 
i=i /3eA+ 

Example. In the case of s[2 these equations read: 

drp{z, t) = 0, 9^g(2, r) = -e""^, drdz(t){T, t) = pe~'^ . 

U 
The system ( |5.5| ) should be compared to the system of Toda equations associated to 
g, which reads 

(. 
drUi{z,T) = ^{ai,aj)e~'t'^, i = l,... ,i. 
j=i 
These equations are non-local in Ui{t), but possess local integrals of motion. The 
corresponding algebra of integrals of motion is the classical W-algebra associated to g 
i2C 



Remark 5.1. The equations (5.5) imply that 



\ QeA+ J 

Therefore we can put: 

Ui = Ui= ^ {ai,a)po,qa 

aGA+ 

and eliminate </)j,z = 1, . . . ,£ from the system ( |5.5D (recall that ui = dzfpi)- We then 
obtain the following system of equations on the functions Pa,qa,ci £ A_|_: 

e apR 

i=i /3eA+ ^^ 

Note that if we put: pai = l,i = 1, . . . ,i;pa = 0,ay^ai,i = l,... ,i, in the resulting 
system, we will obtain a system of equations on the functions qai,i = 1, . . . ,^, which 
is equivalent to the Toda system. This is a version of Drinfeld-Sokolov reduction. D 



We will now show that local integrals of motion of the system (5^) form the classical 
limit of the affine algebra q. 

Recall that the Lie group A^+ can be identified with the big cell of the flag manifold 
G/B-. Hence the Lie algebra g acts on A^_|_ from the left by vector fields. We can 
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write down formulas for these vector fields in terms of the coordinates Xq, a E A+: the 
action of elements Cq, is given by the vector fields e^, cf. formula (2.2), and 



d 

Hi — > I Q;j, OLjXa— , I — i, . . . , €, 

^ OXa 

aGA+ 

d 
(5.6) /„ = ^ Qa,p-Q — , « G ^+> 

where Qa,i3 is a certain polynomial of degree a + (3. 

Introduce elements Ei,Fi, and Hi,i = 1, . . . ,i of Wq as follows: 



oeAj 



Hi = Ui- ^ (Oj, a)paqa 

-4-inn^ -4- 

{ai,ai 



2 

/3eA+ /3eA+ 

Here P^ p{q) and Qa^piq) are obtained from the polynomials Pq^/3 and Qa.p given by 
( P^ ) and (|5.6D , respectively, by replacing x^,7 G A+, by g-^. 

Now we define elements E^ and F^^ for all other a € A_|_ by induction. If [e^j, e^] = 
6/3+^ in 0, then we put £'/3+^ = £,{Ep) ■ E^, where ^(•) is defined by formula ( |5.4D , and 
analogously for Fq,. 

Theorem 3. The space Kq(q) is the algebra of differential polynomials in E^, Fa,a (z 
A+, and Hi,i = 1, . . . ,i, 

Koig) = C[4"),i/f \Fi-)]«eA+;i=l,.../;n>0. 
The space Jq(q) is the space of local functionals in Ea, Fa,a G A+, and Hi,i = 1, . . . ,i, 

Proof. One checks directly that the elements Ea , Fa , and Hj defined above lie in the 
kernel of the operators G'!l,i = 1, . . . ,£. Since d commutes with G^, the derivatives of 
these elements also lie in the kernel. But G° • (PQ) = (G° • P)Q + P(G° • Q). Hence 
the algebra generated by these elements lies in Kq{q). But its character equals the 
character of Kq (g) , cf . Theorem ^ Hence it coincides with Kq (q) . 

The second part of the theorem follows from Theorem ^. D 

Now consider the hyperplane qI in the restricted dual space q* to the affine algebra 
g, which consists of those linear functionals on g which are equal to 1 on the central 
element K G q. This space has a canonical Kirillov-Kostant Poisson structure. 

If we choose a coordinate t on the circle, we can identify g^ with g[t, t~^]. The space 
iL(g) of local functionals on g*[t, i~^] then becomes a Lie algebra with respect to the 
Kirillov-Kostant bracket. 

This bracket is uniquely defined by the brackets of the linear functionals on g^ Such 
a functional is simply an element of g (8) C[t, t~^]. The Kirillov-Kostant bracket of two 
such functionals, A{n) = Af^t^ and B{m) = B ^t^ is given by 

{A{n),B{m)} = [A, B]{n + m) + n{A, B)6n,^m- 
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Proposition 2. Jo{q) — ^(q) ols Lie algebras. 

Proof. We have to check that Fourier components of the differential polynomials Ea, Fa, 
and Hi have the same Poisson brackets as the corresponding elements of ^{q). But 
this automatically follows from our construction. D 

Thus, we have shown that the space Jo(£f) of local integrals of motion of the system 
( p.5| ) is isomorphic to the space ^{q) of local functionals on the dual space to the affine 
algebra q. The space ^{q) is therefore the classical limit of the Lie algebra f7fc(0)ioc ^-s 
A; ^ oo. 

The space Kq{q) is the classical limit of the VOA V^ as A; — s- oo. We know from 
Theorem |2| and Corollary |l| that K^, (g) is also a VOA whose classical limit coincides with 
Kq (g) . Knowing the character of K,^ (g) it is easy to show that V^ is the only possible 
quantum deformation of A'o(g). Finally, k can be computed from the commutator of 
the elements Hi{n), which do not change under deformation. Therefore k = — /i^ + i/~^. 
This completes the proof of Theorem |l]. 

This implies that K^{q) coincides with C/fc(g)ioc for generic v. In particular, for any 
k 7^ —h^ there exists a free field realization of the affine algebra g of level k, i.e. a 
homomorphism g -^ C/(!K(g) © f))ioc) which sends K to k. It coincides with Wakimoto 
realization, which was first constructed geometrically in |lF 



6. Integrals of motion of the deformed CFT 

We now want to add an extra operator Gq, corresponding to the extra simple root 
ao of g, to the set G^,i = 1,... ,i. This operator will define certain deformations 
of the conformal field theories associated to g: Wess-Zumino-Novikov-Witten model 
and generalized parafermions. We will determine local integrals of motion of these 
deformations by an analogue of the procedure from the previous section. The classical 
limits of these integrals of motion will be shown to coincide with local integrals of 
motion of the AKNS equation and its generalizations. 

6.1. The case g = 6(2. In this case we have one operator G^ = J a{z)V^ai^)'^^- ^^ is 
natural to put 



G^o = J a*iz)V:{z)dz. 

The operator Gq : Wq — >■ W^ commutes with the action of d and hence defines an 
operator Gq : Wq -^ W^. We can now define a Lie algebra Juisl2) as 

J^{5l2) = Ker,^!^ Go f] Ker^jj G^. 

For A € C, denote by M^ ^ the module contragradient to the Verma module over 3(2 
with highest weight A. There is a unique primary field (or vertex operator) of weight 
A (i.e. spin A/2) $^(z) : Vk -^ M^j^, fx = A, A - 2,.... Recall that, by definition, 

the action of 5(2 on the components of this field by commutator coincides with its 
action on the homogeneous components of the evaluation representation corresponding 
to contragradient Verma module of highest weight A over 512, see, e.g., [ p!7[] . 
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We know that Ker-^7 G^ = Vk with k = —2 + u^^ for generic u, according to 

Theorem |l| Also W^^ ~ M* ^ as an s[2-niodule for generic v. The restriction of the 
fields a*{z)'^V^{z),m = 0, 1, . . . : Wq -^ W^ to Vk is the primary field of weight A, cf. 
|17]. In particular, a*{z)V^ is the component ^%{z) of the primary field corresponding 
to the adjoint representation of SI2 (we can identify a with 2). 

Hence for generic u elements of the space Ju{5l2) can be interpreted as vectors P € V^, 
such that J (^\{z)dz ■ P = dQ for some Q G W^. For such a P, J P{z)dz £ UkiQ)\oc 
commutes with J ^2i^)d'Z- Following Zamolodchikov [B^], we can interpret elements 
of Ji/(sl2) as local integrals of motion (in the first order of perturbation theory) of the 
deformation of conformal field theory of 5(2 by the field *1'2('^)- '^^^ space Ju{q) has a 
Z-gradation, which is obtained by subtracting 1 from the Z-gradation on Wq. We will 
call an element of Ju{sl2) of degree s an integral of motion of spin s. 

The field ^2(-^) commutes with the homogeneous Heisenberg subalgebra f) of 5(2. 
Hence it defines a primary field of the coset model s[2/[) of arbitrary level k ^ —2, 
which can be viewed as the analytic continuation of the parafermionic theory [^, KM 
corresponding to the case of integral k. This field is called the first thermal operator 
and is denoted by ei{z). The corresponding deformation of the parafermionic theory 
was studied by Fateev ]14[ . 

It is expected that for a positive integer k the parafermionic theory is equivalent 
to the {k + l,k + 2) minimal model of the conformal field theory associated to the 
W-algebra W{slk)- Hence we can assume that this deformation is equivalent to the 



standard deformation of the latter theory by the "adjoint" field |1C, ^], in which 
spins of integrals of motion are presumably all positive integers, which are not divisible 
by k. Thus we can expect the spins of integrals of motion of the deformation of 



the parafermionic theory to be the same, as proposed [14|. This allowed Fateev to 
predict the factorizable S-matrix of the deformed theory using the standard bootstrap 
technique, see ||T^ . 

Since <1'2('^) commutes with f), we have C/(f))ioc C Ju{s[2), and hence Jui^h) decom- 
poses into the direct sum C/(f))ioc © Jlisi2)- By definition, elements of Jl{sl2) are local 
integrals of motion of the deformation of the WZNW theory of level k = —2 + v^^ by 
J ^2{^)dz- Note that the elements of Jl{sl2) are also in one-to-one correspondence with 
the integrals of motion of the deformation of the parafermionic theory by J ei{z)dz. 

Conjecture 1. For generic v the space J^(sl2) is linearly spanned by elements of all 
positive integral spins. 

We expect that when k is an integer, the integral of motion of spins divisible by k 



indeed "drops out", in agreement with the prediction of [14|. 

In the next section we will prove Conjecture || in the classical limit z^ ^ 0, and show 
that these integrals of motion are in fact quantum deformations of the hamiltonians of 
the AKNS hierarchy. We remark that the connection between the integrals of motion in 
the deformations of the parafermionic theory and the non-linear Schrodinger hierarchy 
(which is a reduction of the AKNS hierarchy) has been previously dicussed by Schiff 
13^ 
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Now we want to realize J^(s[2) as a cohomology group of a complex C*(5(2), which 
is constructed in the same way as the complex C*{q) in Sect. |3|. 

We use the BGG resolution of Uq{5l2) with q = exp(7rii/), cf. |Q, Sects. 3.1, 4.4. 
Put C°(s[2) = W^ and disk) = W^j W!^2jd > 0- The operators a{m),m G Z, and 
a*{m),m € Z, satisfy the Serre relations of s[2. Hence, according to Remark |3.1| , the 
operators Gi and Gq satisfy the q-Serice relations of 5I2 in the sense of Lemma |l[ Thus 
we can define differentials of the complex C*(sl2) using the differentials of the BGG 
resolution of C/g(st2) in the same way as in Sect. ^. 

We have an analogue of Lemma ^: the differentials of the complex C*(s[2) suce ho- 
mogeneous operators, which commute with the action of d. Therefore we can de- 
fine the quotient complex C'*(s[2), such that C^{s[2) = C*(5l2)/Im5, j > 0, and 
d^ish) = C^{5l2)/{lmd®C). The 0th differential of C*{5l2) is equal to G^ + Gq : 
T^o ~^ ^ -a ® '^a- Therefore the space Jg (5(2) is the 0th cohomology of the complex 

C*{5i2). 

In the next section we will compute the cohomology of this complex in the classical 
limit u ^f Q. But first we will define an analogue of the space J^(sl2) for an arbitrary 
affine algebra g. 

6.2. General case. As an analogue of the operator Gg for g we will take a weight 
component from the vertex operator <l>adj {z) corresponding to the adjoint representation 
of g. The adjoint representation is isomorphic to g itself, so its highest weight is 

I 

"max = -ao = 22i "*"*' 
i=l 

where ao is the weight corresponding to the 0th simple root of g. The weight com- 
ponent is isomorphic to the Cartan subalgebra f). More generally, we can consider the 
vertex operator corresponding to the contragradient Verma module M* over g with 
highest weight Omax- This module contains the adjoint representation as a submodule, 
and its component M*^^^(0) of weight contains f). 

To each vector x G M*^^^^(0) we can associate a field ^l^-^{z) : Vk -^ ^^-ao k- F°^ 
generic k = —h^ + u^^ this field has a bosonic realization ^^^(-z) = Px{o.%,{z))V!^^ : 
Wq —I- W!^^^, where Px{xa) is a polynomial in Xa, a € A^, of weight — Omax represent- 
inga;GM*_(0)~CM. 

Introduce the operator 



Gl = j^.,{z)dz:W^^Wl^^. 



It commutes with the action of d and hence defines an operator Gq : Wq -^ W_^g. 
Define 



J,(g), = f|Kerpp.Gr. 



j=0 
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Note that JuiQ)x is a Lie subalgebra in J'^{q). It can be interpreted as the space of local 
integrals of motion of the deformation of the WZNW model of level k = —K^ + i/~^ by 

By definition, the field $^^: {z) commutes with the action of the Heisenberg subalge- 
bra f) of g. Therefore we can write Ju{q)x = f^(f))ioc © J'v{q)x- The space JI{q)x can be 
considered as the space of local integrals of motion of a deformation of the generalized 
parafermionic theory associated to g (the q/\] coset model) by the field (^^^Az). 

Now we want to construct a complex C*{q)x whose cohomology equals Ju{q)x-, using 
the BGG resolution of Uq{Q). We put CI{q)x = ®i(s)=j^s(n)-p- -'^'^ order to define 
the differentials of the complex, we need to make sure that the screening operators 
GJ', i = 0, . . . , ^, satisfy the g-Serre relations of g in the sense of Lemma 0. According 
to Remark |3.1| , this happens if the operators ef{n),i = 1,... ,^, and Px{rn) satisfy 
the ordinary Serre relations. Note that Px{m) automatically satisfies the relations 
[e^(ni), [ef {n2) , Px{fn)\\ = for all i. Therefore the Serre relations hold for those i, 
for which the ith node of the Dynkin diagram is not connected to the 0th node. In 
addition, the relations [ef'{n),Px{m)\ = have to hold for all other i. In other words, 
for those i's the vector x € M* should be annihilated by the right action of Cj. In 
that case, according to Remark ^7|, the operators C^^i = 0, . . . ,£, satisfy the g-Serre 
relations of g in the sense of Lemma ||. 

Therefore we can construct differentials of the complex C*{q)x using the differentials 
of the BGG resolution of g in the same way as in Sect. ^. As before, the differentials of 
the complex C*{q)x are homogeneous operators, which commute with the action of d. 
Hence we can define the quotient complex C*[q)x-, such that C-'(sl2) = C'-'(g)x/Im<9, j > 
0, andC0(5(2)^ = C°(g)x/Im5©C. The 0th differential of C7*(g)^ is equal to ^^^o G,'' : 
Wq — > ®l^iW _(^.. Therefore the space Jq{q)x is the 0th cohomology of the complex 

C*isl2)x. 

Conjecture 2. Suppose that x G M* (0) satisfies: e^ ■ x = for all i, such that the 
i-th node of the Dynkin diagram is not connected to the 0th node. Then for generic v 
the space JI{q)x has a linear basis, which consists of i elements of each positive integral 
spin. 

In Sect. ^ we will compute this cohomology of the complex C*{q)x and prove Con- 
jecture in the classical limit, when Px = a^a^ax with respect to a special coordinate 
system. 

7. Classical limit in the case of s[2 

We consider now the new basis defined in Sect. ^, which consists of monomials in 
a'{n), a*{n), and b{n). This basis enables us to identify the spaces W^ and W^^, 
respectively, for different u, but consider the differentials of the complexes C*(s[2) and 
C*(sl2) as i^-dependent, as in Sect. ^. 

In particular, we have for G^ : Wq ^ W-^ and G^ : Wq ^ W^. G^ = G? + 
z^(. . . ), Gg = z^Gg + z^2(. . . ). Put Gi = r„G? : Wo -^ Wq, and Go = T.o.G'^q. 
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Lemma 5. The operators Gi and Gq generate an action of the nilpotent subalgebra n+ 
0/5^2 on Wq. 

This follows from the g-Serre relations to which the operators G^ satisfy in the limit 
1/ — > 0. In Proposition ^ we will give another proof of this fact. This implies 

Proposition 3. The cohomology of the complex Cg(s[2) is isomorphic to the cohomol- 
ogy o/n+ with coefficients in Wq, -ff*(n+, Wq)- 

7.1. Separation of variables. It is convenient to realize Wq as C\p^"'',q^"'\u^"'']n>o, 
where the variables p("),g(") and u^"'' are defined by formula (|5.l| ). In terms of these 
variables we can write as in Lemma 

{•,-/pe-<^},G; = {.,/gen. 
More explicitly, we have: 

00 



n=0 

00 



G? = ^(-pe-'^),G[J = 


^qe^), and G? 


n=0 ^ 








n=0 ?i=0 

By definition, Jo{sl2) is the kernel of the operator {•, f{—pe~^ + qe'^)}. Therefore we 
can interpret Jo(s(2) as the space of local integrals of motion of the system of equations: 

drp{z, t) = e"^, drq{z, r) = e""^, 

drd^^{z,T) =2qe^ + 2pe-'''. 

Remark 7.1. These equations imply that dr{u — 2pq) = 0. Hence we can put u = 2pq. 
Then we obtain the system 

(7.1) dMz,T) = e^Tptdz^ drq{z,T) = e-2/'P9««^ 

If we identify q{z^ r) = p{z, r) and replace z by iz, we obtain a non-local equation 

(7.2) 5,p(z,r) = e-2^/'H''^^ 

The remarkable fact, which will be proved below, is that the integrals of motion of 
the modified version of the AKNS hierarchy (resp., non-local Schrdinger hierarchy) are 
symmetries of equation (|7.lD (resp., (|7.2|) ). D 

Recall the formula for the field h{z) (see the Example at the end of Sect. §): 

1, 

-( 

V 



(7.3) h{z) = Y^ hnz-""-^ = -h{z) - 2 : a{z)a*{z) : 



It is easy to check that all Fourier coefficients of this field (they span the homogeneous 
Heisenberg subalgebra of 5(2) commute with the screening operators Gq and G^ for all 
values of v. Let us compute the classical limits of these Fourier coefficients in terms 
of the variables p^^' ,q^^\u^^' , defined by formula ( |5.lD . They will certainly commute 
with the operators Go and Gi. 
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Set V = ' 

multiplication by 



2pq. Then the limit of uhmU < 0, as z^ ^ is the operator of 



1 



(-n-l)!' 



,(") 



1 



(-n-l)! 



d " V. On the other hand, a straightforward 



calculation shows that hn,n > equals n\dn-i + i^^( 
(7.4) 



where 



m>0 ^ 




gp(n+m+l) '^ Qqin+m+1) 


Thus we obtain: 




(7.5) [G'°,i;(")]=0, 


[Gldn]=0, i = 0,l;n>0, 


and 







n>0. 



Finally, the leading term of /iq as z^ ^ equals 

d 



(7.6) 



/in 



^E 



m>0 



M. 



(m). 



a 



^p(m) ^ 9g(™) 

We find from the definition of dn the following relations: 

[dn, d] = dn-1, n > 0, [do, d] = ho, 

This implies that the operator d — ^vho commutes with all 5„, n > 0. Let us define the 
new variables p^"' , ^"' , n > 0, by the formulas 

pin) ^ (5 _ ^yho)y, t'^ = {d- ^vhoTp. 

Then p^") = p(") + P„, q^") = g^") + Qn, where Pn,Qn £ Wq he in the ideal generated 
by v^"^\m > 0, Since dm ■ p = dn ■ q = 0, we find that that dmP^"'^ = dm/f^^ = for all 
m > 0, n > 0. Moreover, formulas ( [7.5| ) imply that 

Gi • (i?(p<"),g<"))P(t;("))) = (Gi •i?(p<"\g<")))P(t;(")). 

Therefore we can separate the variables, that is represent Wo as the tensor prod- 
uct C[p("\g^")]n>o ® C[f*-"')]„>o, and Gj's will act as derivations of the factor Wq = 
C[p^"\ Q^"^]n>o- It is easy to find explicit expression for these derivations. Indeed, let us 
identify Gjy-^' ,q^^']n>o with the quotient of Wq by the ideal generated by v^^\n > 0. 
Then Gi ■ -p^' equals the projection of Gi ■ p^'^'n onto this quotient, expressed as an 
element of C[p^"\ g^"'^],i>o. The same is true for Gi ■ q^^'. This way we obtain the 
following expressions for Gi and Gq in the new variables: 



Gi = }^B^ 



d 



Co - / , -B+ 



d 



n=0 



Qq{n)^ ^ "5pW' 

n=0 

where B^ is defined recursively as follows: Bq =1, and 
(7.7) Bt = dBt^±2pqB^_^. 

Here we denote by d the derivation of Wq, such that 3p^"^ = jp^^^\ dlf"^' = cp^^^K 
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7.2. Isomorphism ■with C[N-^-/H^]. Let A^+ be the Lie group of n+. This is a 
prounipotent proalgebraic Lie group, which is isomorphic to n+ via the exponential 
map. Denote by P)+ the Lie subalgebra f) tC[t] of n+ and by H+ the corresponding 
subgroup of A^+. The Lie algebra f)+ is cahed the homogeneous abelian Lie subalgebra 
of n+. The Lie algebra n+ infinitesimally acts on the homogeneous space N^/H^ from 
the left. On the other hand, iV+ is isomorphic to the big cell of B-\G, and therefore 
A^+ acts infinitesimally on A^_|_ from the right. The Lie algebra f)_ = i)(Sit~^C[t~^] com- 
mutes with f)+, and therefore it acts infinitesimally on N^/H^ from the right. Thus, 
C[N^ / H^] is an n+-module and an f)_-module. 

Let El = e 1^ 1 and Eq = f <?) t he the generators of n+. 

Proposition 4. There exists an isomorphism of rings C[p^"^, q^"'^]„>o — ^[^-i-/H+.], 
under which Ei = —Gi,i = 0, 1, and 2^-1 = d. 

Proof. We follow the same strategy as in the principal case (see pl| , [25||). Introduce 
the functions p and q on A^_|_ by the formulas 

(7.8) p{K) = ^{Ei,Kh^iK-^), q{K) = -^{Eo,Kh^iK-'), K e N+. 

These functions are invariant with respect to the right action of H^, and hence descend 
to N+/H+. 

Next, we define the functions 

pW = (i/,_i)- . p, gW = (l/i_i)« .q, n > 0, 

on N^/H^. Define the homomorphism C[p^"',g'-"'^]„>o — > C[A^+/iif+], which sends p'"' 
top<"), andg(") tog<"). 

To prove that this homomorphism is injective, we have to show that the functions 
p^^\q^'^',n > are algebraically independent. We will do that by showing that the 
values of their differentials at the identity coset 1 E N^/H^, are linearly independent. 
Those are elements of the cotangent space to N^/H^ at 1, which is canonically isomor- 
phic to (n+/f)+)*. Using the invariant inner product on g, we identify (n+/f)+)* with 
(f)+)-L n n_ = ®j>on+ O t-^ e n_) ® t-^+^. 

Let us first show that the vectors dplj and dq\i generate n+ ^ t~^ and n+ ® t~^, 
respectively. For that it suffices to check that Ei -q y^ 0, Ei -p = 0, Eq -q = 0, Eq -p ^ 0. 
We find 

{Ei-q){K) = ^{Eo,[Ei,Kh^iK-^]) = ^{[Eo,Ei],Kh^iK-^]) 

(7.9) = -^{hi,Kh^iK-^]) = -^{huKh^iK-^]) = -1. 

Likewise, we check that Ei ■ p = 0, Eq ■ q = 0, Eq ■ p = —1. 
Now, by definition, 

^(m+i)|_ = iad/i_i • dp''"'^\i, rfg('"+^)|i = -ad/i_i • dq^'^^i- 
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Hence the vectors du\ \i are all linearly independent. But ad/i_i : n± (^ t^^ -^ 
n± (g) t~^~^ is an isomorphism for all j > 0. Therefore dp^"'>\i,dq^^'\i,n > are lin- 
early independent, and so the functions p^"^' ,q^^' ,n > 0, are algebraically independent. 
Therefore our homomorphism C['[r-"'' ,q^"'']n>o ~^ C![A^+/if+] is injective. 

To prove that it is an isomorphism, we compute the characters of both spaces with 
respect to the bigradation by the integers and the root lattice. The result is 



oo 
TJ (1 „n„,-2\-lfi „n-l„,2\-l 



n=l 

for both spaces, and so the above homomorphism is indeed an isomorphism. Moreover, 
by construction, the operators ^h-i and d get identified under this isomorphism. 

It remains to show that the formula for Ei in terms of the coordinates p("'),g(") 
coincides with the formula for Gi,i = 0, 1. Let us show that for Ei. We already know 
that El ■ p = —l,Ei ■q = 0. On the other hand, in the same way as in [21, ^] we 
obtain the relation 

(7.10) [Euh^i] = -^Uih^i).Ei, 

where fa^{h-i) is the function on Nj^/Hj^, which equals {ai^Kh^iK^^) at K ^ 
Nj^/Hj^. We claim that this function equals Ap q. To see this, note that /q,j(/i_i) 
has to be proportional to pqhy degree considerations. To find the coefficient of propor- 
tionality, we apply to /q,^(/i_i) the operator EiEq. Our previous computations show 
that EiEq ■ pq = 1, while we obtain in a similar fashion: EiEq ■ fai{h~i) = 4. 



Now formula (7.10) gives us the relation 

[Ei,d] = -2pqEi. 
Writing 

we find the recurrence relations on i?„, B'^: 

Bn+l = -2pqBn + dBn 

with the initial conditions Bq = 1,B'q = 0. Comparing this with formula ([7.7|), we 
obtain that Ei = —Gi. In the same way we show that Eq = —Gq. This completes the 
proof. n 

7.3. The cohomology. We can now compute the cohomology of the complex Cg (3(2). 

Proposition 5. The cohomology of the complex Co(s[2) is isomorphic to /\*(f)^) (8) 

Proof. According to the results of the previous subsection, as an n+-module, Wq ~ 
C[N^/H^] ®C[v^"''']n>o, where n+ acts trivially on the second factor. Therefore the co- 
homology of the complex Cg(s[2), which by Proposition ^ is isomorphic to H*{n-^-, Wq), 
equals H*{n+,N+/H+)(E)C[v^''^^]n>o. By Shapiro's lemma (see pi), iJ*(n+, iV+/iJ+) ~ 



KihX). □ 
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Now we want to compute the cohomology of the double complex Co(s[2)- 
Denote 






dy=y V 



,(n+l)_ 



d 



n>0 



The results of Sect. 7.1 imply that 



d = -/i_i + dy + -vho. 

By Proposition |5|, hn,n < 0, act trivially on the cohomology of the complex Cg(s[2). 
Hence d acts on a representative of a cohomology class a; (8) P, a; G A*(')+))-f ^ 
C[i''"^]n>0) as follows: d ■ oj ^ P = u> (2) d^P. This leads to the following result. 

Proposition 6. The jth cohomology of the complex Cq{s12) is isomorphic to /\-' (fl+)® 

In particular, the zeroth cohomology is isomorphic to f)* © C[f *^"'^]ji>o/Im9^. The 
second summand consists of classes of the form f P, where P G C[v^"'']n>o- The classes 
corresponding to elements of the first summand are constructed as follows. 

Let X € W-a © Wa be a representative of a first cohomology class of the form 
a; © 1 G f)+ © C[v^"']n>o- Then dX = in the cohomology, and hence there exists 
X G Wo, such that 5°X = X (we recall that 6o = G^ + Gg). Here X is defined only 
up to an element of C[t' *•"'•' ]„>o, but there is a representative of /io~weight 0, which lies 
in C[p^"',g^"'^]„>o, and is unique up to a total 9-derivative. Note that X can not lie 
in the image of d (and hence d), because otherwise X would also be in the image of d. 
Therefore f h ^ defines a zeroth cohomology class of Co(5l2)- 

Now let Xn,n < 0, be the element of Wq, which corresponds to the first cohomology 
class /il„ © 1 of Co(5[2) via the isomorphism of Proposition |6[ Let r/„ = ^(X„). This 
is a derivation of Wq, which commutes with d. It also has the following commutation 
relations with Gi and Gq: 

[Gi,Vn] = -2^^!, [Go,Vn] = 2^Go. 
ou du 

Following pH ] it is easy to describe all derivations ^ of Wq, which commute with d 
and have commutation relations of the form 

[G„c] = {-iyf^G„ 

for some /^ G Wq, with Gi,i = 0, 1. 

Lemma 6. The vector space of such derivations is the direct sum o/ f)_ and the space 
of derivations of the form 



n>0 



d 1 

dv^^2^ 



E(^"^')^7M^ + -,Pho, P e C[.W]„>o. 
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Corollary 2. 

n>0 

for some a„ £ C^,P G 'C-[v^^']n>Q- In particular, {j Xn, j Xm\ = [f?ra,??m] = for all 
n,m > 0. 

The Corollary means that the action of f)_ on Wq is hamiltonian. 

7.4. The zero curvature formalism. The evolutionary derivations of C[p^"\^"'] 
coming from the action of l}_ can be written down explicitly in the zero curvature form. 
This is explained in detail in [O, p3| in the case of the KdV and mKdV hierarchies, and 
the results carry over directly to our case. The zero curvature equation corresponding 
to the element ^/i_„,n > 0, of i}_ reads: 

(7.11) [d, + {Kh^iK-^)^,dr„ + {Kh.nK~^).]=0, KeN+/H+. 

Here for A £ q, A- stands for the projection of A onto the b_ part of g = b_ n+. 
According to the computations made in the proof of Proposition ^, we have: 

^2 ' \ P -pq - ^t' 

(to simplify notation, we remove the tildes from p and q). On the other hand, for each 
n > 0, {K^h^nK~^)- is a matrix, whose entries are polynomials in t~^ with coefficients 
in C[p^"\ g'")]. Therefore formula ( |7.11| ) defines a derivation of C\p^"'',q^"'']. The first of 
the equations, with n = 1, tells us that ri = z, as expected. Straightforward calculation 
gives: 

-2pq' + 2p'q - 2p^q^ + pqt'^ + ^t'^ q' - qt'^ 

p' + pt-^ 2pq' - 2p'q + 2p^q'^ - pqt'^ - \t~'^ 

(here p' stands for dp). Substituting this into formula ( [7.11 ) we obtain the equation, 
corresponding to n = 2: 

(7.12) dr2P = p" -2p^q^ -2p'^q', dr^q = -q +2q^p^ - q^p . 

Now recall from Theorem |3| that the kernel of the screening operator Gi in Wq is 
C[£("), ii'^"), F(")]„>o, where E = p, H =j^= u - 2pq,F = -pq^ + uq + q'. But G? 
commutes with v^^' = H^"^' and preserves Wq = C[p^"'\g^"'^]. Therefore we obtain that 
the kernel of G? in Wo equals C[^("), F(")]„>o, where 

E = p, F = pq +q' . 

The derivations dr„ commute with G^ and hence define evolutionary derivations of 
ClE^"^' , F^"'']n>o, which we denote by the same symbols. In particular, we find from 
formula ( 7.12| ) the following formula for dr2 (we again omit tildes to simplify notation): 



dr^E = E" -2E^F, dr^F = -F" + 2F^E. 
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This is the AKNS equation. Its reduction obtained by identifying F with E and 
replacing T2 with ir2 is the non-Unear Schrodinger (nlS) equation 

idr^ = E" - 2E\E\^. 

Therefore the derivations dr„, acting on C[E^'^\ F^'^']n>Q, define the AKNS hierarchy. 
Because of that, it is natural to call the equation ( [7.12 ), the modified AKNS (mAKNS) 



equation, and the hierarchy of the derivations dr„ of C[£'*-"\ -F'"']„>o, the niAKNS 
hierarchy. 

The AKNS hierarchy also has a zero curvature representation ( 7.111) , where now 



A- stands for the projection of ^4 € g onto the 0[t~^] part of the decomposition g = 
g[t~^] © (g (8) iC[i]), and K G exp(g (g) tC[t\)/Hj^. In particular, we then have the 
well-known AKNS L-operator 



Finally, the non-local equation (7T) can also be written in the zero curvature form: 

= 0. 



The equations of the niAKNS hierarchy are symmetries of this equation. 

8. Classical limit for an arbitrary g 

The results of this section can be generalized to the case of an arbitrary (non-twisted) 
affine algebra g. In this case N+/H+ also carries a good system of coordinates, in which 
the infinitesimal action of f)_ becomes a set of evolutionary derivations. They define a 
completely integrable system, which is an analogue of the AKNS hierarchy. Moreover, 
with respect to these coordinates, the generators Ei,i = 0,... ,i, of ri-i- become the 
classical limits of the screening operators C^ . 

8.1. Screening operators in a special coordinate system. Let us fix generators 
Ca, fa of the one-dimensional subspaces rXa C n+ and n_Q C rx-, respectively, such that 
{ca, fa) = 1- In that case [eQ,,/^] = a, where we identify f) and f) using the inner 
product on g, such that (amaxj Omax) = 2. 

First we introduce a special coordinate system {xa}aeA+ on the finite-dimensional 
unipotent group A^+, with respect to which the right action of n+ becomes particularly 
simple. Let p^ be the element of i), such that (p^ , Oj) = 1, Vi = 1, . . . , ^. Denote by Xa 
the regular function on N-^- defined by the formula 



Xa{K) = -{fo,,K p^'K), KGN^ 



Then 



(ef •x„J(K) = -(/,^,[K p''K,e,]) = -i[ea^Ja^,K p^ K) 
= -{ai,K'^p''K) = -l. 
Let us write 

[ea,e/3] = -Ca,i3ea+I3- 
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Then 

Now we obtain in the same way as above: 
Hence 



R ^ sr^ 9 






Moreover, we find that 



d d 



dXn ^^ ' 9Xa+/3 



/if = - ^ (ai,a)xQ, 



We use the above coordinates to construct the screening operators, as in Sect. ^. 
Their classical limits as i/ — > are 



•2) G\=1-A -Pa, + Y^ Ca„a QaPa+a, 6 '>'' 



Next we define the 0th screening operator. According to Sect. 6.2 it has the form 
Px{a*a{z))VJ^ao, where Pxixa) € C[N+] represents an element of M*^^^ ~ C\N+] of 
weight 0, which satisfies the conditions of Conjecture pi. It is straightforward to check 
that the element Xa^^^ satisfies these conditions. In the classical limit we obtain the 
following formula for the 0th screening operator: 



Cf-i fa p-<^o\ 



The operators '^i^i G, and X^^^g ^i define non-local Toda type equations. Here are 
the explicit formulas for the second of these equations: 



e 
(8.3) drPa = Y, Canae--^' + e-'^°<5„,„_,, a G A+, 



1=1 



drdz4>j = Y^'^i^^j'f \Pc^~ Yl ^a^aQaPa+a, \ € '^' - {aj,ao)qo 



_ -4>o 

j = !,...,£. 
Let 

(8.4) Vi = Ui- y^ {ai,a)qaPa. 

a£A+ 
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One finds that G^ ■ Vj = 0,Vi,j. Therefore we can further reduce the system { ^.3\ ) by 
setting Ui = Y^a€A+('^i^")laP»- 

The classical screening operators give rise to derivations of the ring of differential 
polynomials Wq = C[pa ,qa ,Ui], which we denote by Gi,i = 0,... ,£. We know 
that Gi ■ Vj = 0,yi,j,n. In the same way as in the case of s[2 we can use this fact to 
separate variables. 

Each h ^ t) acts on Wq in a natural way: h • pa = a{h)pa , h ■ q^ = —a{h)qa, h ■ 
tij- = 0. Denote by {h^}j=i,...,e, the dual basis to {aj}j=i,.../ with respect to the 
normalized inner product on i). Let d = d — X^j=i^i/i*, and define new variables 
p^' = d^pai^a = d"'qa- In the same way as in Sect. TA, one shows that Wq = 
C[jra ,(la ] <8) C[fj ], and that the derivations Gi act along the first factor of this 
tensor product. 

Furthermore, we find, in the same way as in Sect. 7A, the following explicit formulas 
for the action of Gi,i = 1, . . . ,£, on C[pa ,^ ]: 

n=OaeA+ \ (^Qa Opa / 

where the polynomials B±a^n are defined recursively as follows: 

^0,aj = <^ij; ^0,a = -Ca^a-a^a-a,-, « G A+\A^, 

Bt,n = dB^Sa,n-i-U^Bt,, n > 0, 
where 
(8.6) Ui= y^ {ai,a)Paqa. 



aGA_| 



We also find a formula for G, 



0- 



n=0 ^Pomax 

where 

with Uq given by formula ( |8.6D . 

8.2. Isomorphism with C[N^/H-^-]. Now we can identify the ring of differential poly- 
nomials C[p^ , ga ] with C[N^/H^], where H^ is the subgroup of iV+, which is the 
image of the Lie algebra f) (8) tC[[t]] under the exponential map. Observe that the Lie 
algebra f) t~^C[t~^] acts on C[N^/H^] from the right. Denote by p'^i the element 
/9^ (g) t"^ of ^ (g) i"^C[t~^]. Let Ei = a 1, i = 1,... ,£, and Eq = f^^^^ ® t be the 
generators of n+ . 

Proposition 7. There exists an isomorphism of rings C[p^^' ,cp^']n>o — C[N-^-/H-^], 
under which Ei = —Gi, i = 0, . . . ,£, and p^_i = d. 
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Proof. The proof proceeds along the Unes of the proof of Proposition ^. We introduce a 
system of coordinates on Nj^/Hj^ and then find formulas for the action oi Ei = —Gi,i = 
0, . . . ,i, and p^^ in these coordinates. 

Introduce the following regular functions p^, q^ on N^/H^: 

p^{K) = -{ea ® 1, Kp'^.K-^), K G N+/H+, 

Straightforward computation analogous to that made in the proof of Proposition HI gives 
for i = 1, . . . ,i: 



and 



E^■qa = 


Oij'i -f^i 


la — Cai,a-ai Qa-a 


Ei-Pa= 


(^ai,a Pa+ai i 




• Qa = 0, 


Eo-Pa= 


- (Omax;/' j<^a,aniax 



-E'o ■ Va — ") ^U ■ Fa — V"max, P ;"a,aniax ~ "-o.ama 

Now let Pa = (P-i)*^ ■ Pa ,qa = (p^i)" ' qa \n > 0. We show in the same way as 
in the proof of Proposition ^ that these functions are algebraically independent. Here 
we rely only on the fact that that /o^ is a regular semi-simple element of g. 

Next we define a homomorphism from C^fra ,qa ] to C[Nj^/Hj^]. It intertwines the 
actions of d and p^^ and maps each qa to q^. It also maps each pa to a polynomial in 
Pa,Qa (also denoted by pa), such that 

(8.9) Pa = {a,P^)Pa- ^ Ca,l3qaPa+f3 

/3eA+ 



(cf. formula (8J)). It is clear that such polynomials exist, are unique and that the 
above homomorphism is injective. To prove that it is an isomorphism, we use the 
equality of characters of the two spaces, as in the proof of Proposition ^. 

Finally, we need to show that the action of Ei on C[A^+/^+] coincides with the action 

of —Gi on C[jya ,qa ]■ But the actions of Ei and —Gi on q^ = q^ coincide. The action 
of -Ej, i = 1, . . . , £, on Pa is given by the same formula as the action on p^. Comparing 
with formula (|8.5| ) we again find agreement between the actions of Ei and —Gi. The 
same is true for Eq and —Gq as formulas (|8.8|) , ( p?7| ) and (|8.9D show. 
We also have: 

(8.10) [Ei,p\] = -farEi, 

where fa.{K) = {ai,Kp'^^K^^),K € N^/H^. It is easy to see that 

fa, = ^ {ai,a)paqa- 



Formula ( ^.10 ) gives us a recurrence relation on the coefficients of the derivations Ei, 
which coincides with that on the coefficients of the derivations Gi given by formu- 
las (|8.5[), (|8.7D. We have shown above that their first coefficients differ by sign, and 



therefore we obtain that Ei = —Gi. This completes the proof. D 
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Remark 8.1. In the above isomorphism the element p^ of f) can be replaced by any 
regular element of f). In that case we need to change accordingly the formulas for the 
coordinates Pa,Qa- Moreover, with appropriate changes all results of this section will 
remain true if we replace p^ by any regular element of f) . D 

8.3. Integrable hierarchies. Recall that the Lie algebra f)_ = f) (g) t^^C[t~^] acts 
on C[A^-f/-ff+] by derivations. Hence we obtain an infinite hierarchy of commuting 

evolutionary (i.e., commuting with d = p^i) derivations on C\p^ ^q^ ]. We call it the 
modified AKNS hierarchy associated to g, or Q-mAKNS hierarchy for shorthand. 

The above derivations preserve the subring C[N^\N^/H^] of A^+-invariants of 
C[N^/H^]. This subring equals the intersection of kernels of the operators Gi,i = 
1, . . . ,i, in C\jra ,qa^ ]. The latter is isomorphic to the quotient of the ring Ko{q) = 
C[Ea , H^" , Fa ] introduced in Theorem ^ by the ideal generated by H^ . Hence it 
is also isomorphic to a ring of differential polynomials C[Ea , Fa ], where Fa and 
Fa are certain polynomials in iji™ , ^g • The Lie algebra f)_ acts on C[Ea , Fa ] by 
evolutionary derivations. They form a hierarchy, which we call the q-AKNS hierarchy. 
It has been previously studied in the literature under the name AKNS-D hierarchy (see 

i). 

The equations of both hierarchies can be written in the zero curvature form as follows. 
The equation of the g-mAKNS hierarchy corresponding to an element y € f)_ reads 

[d, + {Kp'^,K-Y,dr + {KyK-Y] =0, Ke N+/H+. 

where A~ denotes the projection of A € g onto the b_ part of the decomposition 
g = b_en+. 

The equation of the g-AKNS hierarchy corresponding to y € f)- reads 

[d, + {Kp\K-^)^,d^ + {KyK-^)4 = 0. 

where A- stands for the projection of A G g onto the g[t^^] part of the decomposition 
g = g[t~-^] © (g (8) iC[i]), and K G exp(g iC[t])/i/+. In the next subsection we will 
show that both hierarchies are hamiltonian. 

Note also that the non-local equations introduced above can also be written in the 



zero-curvature form (in the case of SI2 see the end of Sect. 7.4). The equations of the 



g-mAKNS hierarchy are symmetries of the non-local equation 

8.4. Cohomology computation. In the same way as in the case of 5I2 we obtain the 
following result. 



Proposition 8. The cohomology of the complex Cq{q) is isomorphic to H*{n^,Wo) 

]i=l,...,e;n>0- 



and hence to A*(^+) «> C[vJ"^i 



Now we can to compute the cohomology of the double complex C'q(s[2)- 
We have 



d = p''^i + Y,v^h' + d,, 



i=l 
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where 

i=l n>0 '^'^i 

In the same way as in the case of SI2 we obtain: 

Proposition 9. The jth cohomology of the complex Cq{q) is isomorphic to f\-' (f)+)® 

In particular, the zeroth cohomology is isomorphic to t)* ©C[Vj- ]/ Im d^- The classes 
corresponding to elements of [)* are constructed as in the case of 5(2. 

Let {/i*}j=i,...f;n<o be a basis of \}. Then {/i^}j=i,.--/;n>05 where /i^ = /i* ® t~" is a 
basis of l)^t~^C[t~^]. Denote by X^ G Wq, the representative of the zeroth cohomology 
class of Co(s[2), which corresponds to the first cohomology class (^!_„)* 1 of Cq{q) 
via the isomorphism of Proposition |9|. Let r/^ = ^{X^). This is a derivation of Wq, 
which commutes with d and has the commutation relations with the operators Gi of 
the form 

(8.11) [Gi,^] = fiG,, i = 0,...,i, 

for some fSa G Wq (in the case of sfe these relations are given in Sect. ^). 



Following |21] it is easy to describe all such derivations ^ of Wq. 



Lemma 7. The vector space of derivations S, of Wq satisfying commutation relations 
( ^■11 ) is the direct sum of t)- and the space of derivations of the form 














J 


=1 


n>0 




Co 


roUary 3. 












^, 


for 


some a\ 


G 


Cx 


Pj 


G 


C[z; 


(n) 

i 


i,J 


n,m. 















Therefore {f X^, f xL} = [<,r?^^] = for all 

The Corollary implies that the g-mAKNS and g-AKNS hierarchies introduced above 
are completely integrable hamiltonian systems. 
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